We study a model that was first introduced to describe the ordering of two different types of positive ions in the metal planes of layered hydroxides Ni1−xAlx(OH)2(CO3) x/2 · yH2O. The ordering is assumed to occur due to long-range Coulomb interactions, and overall charge neutrality is provided by a negative background representing the hydroxide planes and CO 2− 3 anions . The previous study was restricted to the ground state properties. Here we use a Monte Carlo technique to extend the study to finite temperatures. The model predicts that, at some values of the concentration x, the system can exhibit an instability and phase separate. In order to evaluate the precision of these Monte Carlo procedures, we first study a linear chain with finite ranged interactions where exact solutions can be obtained using a transfer matrix method. For a linear chain with infinite-ranged interactions, we use a devil's staircase formalism to obtain the dependence of the energy of the equilibrium configurations on x. Finally we study the two dimensional triangular lattice using the same Monte Carlo techniques. In spite of its simplicity, the model predicts multiple first order phase transitions. The model can be useful in applications such as the modelling of the ordering of intercalated metal ions in positive electrodes of lithium batteries or in graphite.
I. INTRODUCTION
In this paper we continue a study of a model that one of us studied previously 1 . The model was introduced to describe the possible ordering of metal ions that can occur in aluminum substituted nickel layered double hydroxides Ni 1−x Al x (OH) 2 (CO 3 ) x /2 · yH 2 O 2-6 . The Ni ions in Ni(OH) 2 occupy the octahedral holes between alternate pairs of OH planes and thus form a triangular lattice identical to that adopted by the OH ions. The two planes of OH ions, with the plane of Ni atoms between them, form a brucite-like layer of the host structure 7 . Ni(OH) 2 can exist in two polymorphous crystal structures denoted as α and β. Both structures consist of brucite-like layers that are well ordered in the β-phase and randomly stacked in the α-phase. The interlayer spacing (gallery) in the α-phase usually is significantly larger than in the β-phase due to the large number of water molecules and anionic species that can penetrate into the galleries 8 . Nickel hydroxide Ni(OH) 2 in the β-phase has been extensively used as a material for the positive electrode in rechargeable alkaline batteries 9 . However it has been shown that electrodes based on the α-phase hydroxide have a bigger charge capacity, lower charge and higher discharge voltages 10, 11 . Unfortunately the α-phase reverts to the β-phase in the alkaline media (KOH-for example) which is used in batteries. Thus the stabilization of the α-phase of Ni(OH) 2 in an alkaline media is an important goal for potential applications. To enhance the Ni(OH) 2 stability many studies of the partial substitution of metal ions (Al-for example) for Ni in the lattice of nickel hydroxide have been carried out [12] [13] [14] [15] . When Ni 2+ ions are substituted by Al 3+ ions in the metal sheets, [CO 3 ] 2− anions accumulate in the galleries in such an amount that total charge neutrality is preserved. The amount of water in the galleries depends on the preparation method; the general formula of the aluminum substituted layered nickel hydroxide is Ni 1−x Al x (OH) 2 (CO 3 ) x/2 · yH 2 O It is natural to expect that the stability of these compounds is composition dependent and also depends on the preparation technique. Different authors were able to synthesize layered hydroxides with different concentrations of aluminum. In particular the range 0 ≤ x ≤ 0.4 has been reported 7 . Not all ranges of composition x are accessible due to the limited number of [CO 3 ] 2− ions and water molecules that can penetrate into the gallery.
Possible orderings of the Ni and Al ions in the metal planes can also affect the stability of the compound. Several authors have reported observations of in-plane ordering of metal ions [2] [3] [4] [5] [6] . Ordering of ions was observed near the values of x equal to 1/4 and 1/3 that are in registry with the host geometry of triangular lattice. However, as far as we know, there are no detailed experimental studies of the ordering as a function of composition x.
The ordering of metal ions in alloys is often considered within the framework of a lattice gas model where only interactions between neighbors that are not sepa-rated by large distances is taken into account because of the relatively short screening length [16] [17] [18] caused by free electrons.
It is generally accepted that in layered hydroxides the Coulomb interaction between positively charged metal planes, negatively charged hydroxide planes and negatively charged anions [CO 3 ] 2− in the galleries are important. The screening length in layered hydroxides should be significantly larger than in metal alloys, because dielectric screening caused by water and other polar molecules is weaker than screening caused by free electrons. Thus a model that takes into account long range Coulomb interaction and interaction between positive metal ions in the plane with negative hydroxides layers and negative anions in the galleries might be more suitable than a lattice gas model to describe the ordering of metal ions in layered double hydroxides. The role of ordering due to Coulomb interactions has been discussed previously by Thompson 19 . We have previously suggested a simple model to describe the ordering of metal ions in layered hydroxides 1 . In this model two kinds of positively charged metal ions occupy the sites of a triangular lattice. The lattice is immersed in a negatively charged background which represents the hydroxide layers and negative anions in the galleries. It was assumed that the background charge is the same at every site of the triangular lattice. Thus the total charge at every site is formed by the positive charge due to the metal ion and the negative background charge. The interaction potential between sites was assumed to be a long ranged 1/r Coulomb type.
In the previous work 1 the dependence of the ground state energy of this model system on the concentration of Al was studied assuming a homogeneous concentration of metal ions in the plane. Equilibrium ordering configurations of ions that can occur at each concentration in the range 0 ≤ x ≤ 1 were calculated and compared with corresponding X-ray diffraction patterns.
In this paper we suggest a new interpretation of the previous results. It will be shown that at some concentrations x the system is unstable with respect to phase separation into phases with concentrations x 1 and x 2 such that x 1 < x < x 2 . We calculate the phase diagram of the system in the (T , x ) plane using the grand canonical ensemble by introducing a chemical potential µ. In the case of the layered hydroxides, the chemical potential under consideration is not related to the voltage on the electrodes and represents only a useful way to obtain the phase diagram.
The model is quite general and can be employed to describe ordering and first order phase transitions in ionic systems with long range interactions. It may have some application to the ordering of intercalated Li ions in rechargeable Li-batteries [19] [20] [21] . Predicted phase separations can lead to the staging when homogenous planes with different concentrations of metal ions will form. In plane long range interaction in this case can be similar to that occuring in staged graphite intercalation compounds 22, 23 . The paper organized as follows. In section II we define our model. Then in section III we discuss the details of the Monte Carlo (MC) method that was used to obtain the phase diagrams. Section IV describes an application of the method to the linear chain. Subsections IV A and IV B are devoted to the case of finite ranges of interaction where an exact solution can be obtained using transfer matrix techniques. The case of a linear chain with infinite range Coulomb interaction in which the energies of equilibrium configurations can be calculated exactly using the devil's staircase method, is discussed in subsection IV C. Finally in section V we study the case of the two dimensional triangular lattice. Our results are summarized in the conclusion.
II. MODEL
Consider a system composed of two types of positive ions which occupy the sites of some lattice. Every site of the lattice is occupied either by a black ion with charge Q b or by a white ion with charge Q w . The concentration of black ions is x and the concentration of white ions is 1−x. In addition to these two types of positive ions there is also a negative compensating uniform background charge q, at every site of the lattice, that ensures charge neutrality in the system. Hence at any site i we have a total charge equal to either
Hamiltonian of the system of charges can be written in terms of the pairwise interactions V ij :
For the Coulomb interaction V ij = 1/R ij , where R ij is the distance between sites i and j. In the following we will also consider the case of truncated Coulomb interaction for which there is interaction only between neighbors that are in some range. The value of the background charge depends on the values of Q b , Q w and on the concentrations of those ions. The average charge per site due to the positive ions is
The value of the charge that provides the uniform background with overall charge neutrality is then given by
we rewrite Eq. (1) as:
where n i = 1 if site i is occupied by a black ion and n i = 0 if site i is occupied by white ion. Thus the precise values of the positive charges do not change the general properties of the model. From Eq. (3) follows that at a fixed concentration x
Thus at fixed concentration the model is essentially a lattice gas model because in this case the second term in Eq. (4) is the same for all configurations of ions. This term is due to the neutralizing background and cancels the divergence of the energy associated with the Coulomb repulsion when the interactions are of infinite range. It is easy to estimate the values of the constants J ij if the lattice constant and charges Q b and Q w are known. For the aluminium substituted nickel layered double hydroxide a = 3.032Å
7 , Q b = 3e and Q w = 2e. For the nearest neighbors we have:
Thus if we use a dielectric constant appropriate for water = 80, then J nn 60 meV or about 500 K. Short range screening, due to the presence of water and other ions, can effectively decrease the values of the J ij .
In order to use the grand canonical ensemble to study the equilibrium properties of this system of charges we add a chemical potential term −µ i n i to the Hamiltonian. Now the concentration x can fluctuate and hence the background charge will also fluctuate. We write the grand canonical Hamiltonian as:
where q describes the uniform background charge which is adjusted to be equal to q = − < n i >= −x. Our primary goal is to study the two-dimensional triangular lattice with infinite range Coulomb interactions. However, we will first consider the linear chain as an example to gain a better understanding of the model since there are exact analytical methods that can be used in two limiting cases: finite range interactions can be studied exactly using transfer matrix methods 24 and infinite range Coulomb interactions can be described in terms of a Devil's staircase formalism 16 . The study of the linear chain will give us insight into the precision of the numerical techniques that will be used for the triangular lattice with Coulomb interactions.
In the following sections we address the following questions. What is the equilibrium structure of the charges for a given concentration of the ions? How does the equilibrium energy of the system depend on the concentration of the ions? How does the chemical potential depend on the average concentrations of the ions at different temperatures. Do phase transitions occur in the system and what is the phase diagram of the system at finite temperatures?
III. MONTE CARLO METHOD FOR SIMULATIONS OF THE SYSTEM
We use a Metropolis algorithm 25 to accept or reject elementary moves that we perform on the charges to bring them into an equilibrium configuration. We use two different types of moves: A interchange the positions of black and white ions in the lattice. B change the color of the ion at a particular site.
The simulations can be carried out with either constant values of the concentration or with constant values of the chemical potential. In case of simulations at a constant value of concentration only moves of type A were used. In case of simulations at a constant value of the chemical potential both types of moves A and B were used. The A-move does not change the value of the background charge since it does not change the concentration. The Bmove changes the concentration and thus the background charge has to be changed at every site in the lattice. In order to decide whether to accept or reject the move it is necessary to calculate the energy of the system before and after the move. We consider a lattice of size N in case of the linear chain and N × M for the triangular lattice. We apply periodic boundary conditions with respect to this central zone. Periodic boundary conditions mean that the central zone is repeated in each of the d = 1 or 2 directions. The central zone occurs in the center of bigger lattice surrounded by surrounding zones. In order to calculate the energy of the system we calculate the energy of interaction between all sites inside the central zone and the energy of interaction between the sites in the central zone with sites in all surrounding zones. Since the system is charge neutral, the contribution to the energy from surrounding zones that are far away from the central zone are much smaller than the contribution from surrounding zones that are close to the central zone. In fact, we found that if N and M are of the order of 10, then it is enough to consider the lattice of size 5N ×5M in order to calculate the energy with sufficient precision for almost all concentrations. In other parts of this paper we refer to the size of the central zone as to the sample size, with the periodic boundary conditions described above.
The total energy of the system given by Eq. (3) can be separated into three parts which represent interaction between black-black, white-white and black-white sites
It follows from Eq. (3) that E bb can be written as as:
In the same manner we can write E ww = x 2 σ ww and E bw = 2x(1 − x)σ bw . Then the energy of the system per site can be written as:
where the first term in square brackets comes from the interaction between black-black sites, the second from black-white sites and the third from white-white sites. It is easy to see from Eq. (10) that the equilibrium energy of the system is a symmetric function, E(x) = E(1 − x), with respect to x = 1/2. The ground states corresponding to concentrations x and 1 − x can be obtained from each other by changing all white sites into black sites and all black sites into white sites. In this case x ↔ 1 − x , σ bb ↔ σ ww , σ bw ↔ σ bw and it follows from Eq. (10) that the energy remains the same. In order to accept or reject the move we calculate the change in ∆E − µ∆x. For calculation of ∆E it is necessary to take into account that if we turn a white site i into a black site then charges at the sites corresponding to the site i but situated in the surrounding zones should be changed also.
When an elementary move is performed, then values of σ bb , σ bw , σ ww can be updated by calculating the sums σ bb (i), σ bw (i), σ ww (i) for the particular site i that participate in the move. This significantly reduces the calculation time since it is not necessary to recalculate the energy of the whole lattice again after every move. We say that one MC step was performed if one attempt to perform operation A or B was made. We say that one MC sweep was made if as many MC steps were made as there are sites in the sample. In simulations at a constant µ we initially tried to vary the frequency with which operations A and B were performed, but we found that 1 : 1 ratio was close to the optimum value. For every value of the concentration or the chemical potential, simulations start at a relatively high temperature T J. If simulations are to be performed at constant x then in the initial configuration black and white ions in amounts corresponding to x are randomly distributed over the lattice sites. If simulations are to be performed at a constant value of µ, the initial configuration is less important.
We used the following criteria to check the equilibration of the system at a given temperature. LetĒ 2 will be the average value of the energy in the last 10 MC sweeps andĒ 1 will be the average value of the energy in the previous 10 MC sweeps. Let σ E2 and σ E1 be the average fluctuations of energy in those two cycles. If
) then we say that the system is sufficiently equilibrated in order to collect the data. If this condition is not fulfilled another 10 MC sweeps are made until this condition is met and so on.
After the equilibration, in order to obtain statistics, we calculated and stored the values of parameters of interest after every MC sweep. The number of MC sweeps varied depending on the size of the system, type of interaction and temperature. When the necessary data at a temperature T were collected, the temperature was decreased by a small amount δT . For smaller values of the temperature T , a smaller value of δT was used.
It will be shown below that first order phase transitions occur in these systems. In other words ions on the lattice should separate into two parts with different concentrations of the black ions in each part. Parts with different concentrations of the black ions should also have differ-ent values of the background charge. But it is assumed in our model that the value of the background charge is the same everywhere. Thus the background in our simulations does not allow the systems to split into parts with different concentrations and thus does not allow the phase separation to be observed directly.
When we perform simulations at a constant value of average concentrationx, it is possible that we may choose some particular average valuex that can not occur in a homogeneous system. The energy curve E(x) obtained in this case does not really give the dependence of energy on concentration, but rather shows when phase separation should occur. This will be demonstrated explicitly in the next section using the linear chain as an example.
In simulations with a fixed value of the chemical potential the phase transitions are more pronounced. At high temperatures (T /J) ≥ 1 changes in the chemical potential lead to the smooth changes in average concentration x. However, at low temperatures (T /J) 1 there are discontinuities in thex(µ) curve. We assume that the borders of the discontinuity region are the borders of the phase separation region. For some particular values of µ the system migrates between two significantly different concentrations, as for example for µ = 0.606. We assume in this case that there is phase separation and relative areas under two peaks give us the relative sizes of the two phases. Thus the appearance or disappearance of a peak tells us about the appearance or disappearance of a phase. We will use the positions of the peaks when they appear or disappear as the borders of the two phase coexistence region.
At low temperatures (T /J)
1 our MC procedure becomes less effective and the system can become frozen in some configurations. One of the reasons for this is the local character of the moves A and B that we use to search for a new configurations e.g. every MC move involves only one or two sites.
IV. LINEAR CHAIN
There are two exact analytical methods to study the model in the one dimensional case of the linear chain. In particular, if the Coulomb interaction is truncated at some distance then a transfer matrix 24 technique can be applied to calculate the free energy as a function of chemical potential and temperature. Then the dependence x(µ, T ) can be studied and the phase diagram can be obtained.
In case of the infinite range Coulomb interaction at T = 0, a devil's staircase 16 formalism can be used to predict the equilibrium structure for any concentration and calculate the ground state energy of the system. In both cases exact results will be compared with the results of simulations to establish the precision of the numerical methods.
A. Nearest Neighbors Interaction
If we restrict the range of interaction to nearest neighbors only, the Hamiltonian becomes
Initially we assume that q is a constant and is not connected with concentration. Then the grand partition function Z N for a cyclic chain of N sites can be expressed in terms of the largest eigenvalue of the 2 × 2 transfer matrix as
where γ = e β(µ+2Jq−J) and β = 1/(k B T ). The grand potential per site is given by Ω = −k B T ln [λ max ]. Using the fact thatx = n i = ∂Ω/∂µ, we can findx as a function of the independent variables T and µ. The resulting expression can then be inverted using the charge neutrality requirement, q = −x, to obtain µ in terms of x and T with the following result: lie on top of the exact curve. The lower left frame shows the results at temperature (T /J) = 0.20 which is just above the maximum temperature for which phase separation occurs. The regions with a low density of simulation points indicate the appearance of the regions of phase separation that occur at lower temperatures. The concentrationx in this region is the average over the two peaks that occurs at the intermediate temperatures as shown in Fig.1 and in Fig.2 . The lower right frame at (T /J) = 0.10 clearly shows the sharp jumps in concentration that occur at low temperatures.
In the simulations, phase separation manifests itself as a discontinuity in the dependencex(µ). In contrast, a second order transition would correspond to µ increasing monotonically with a discontinuity in slope.
The first order transition can also be seen in plots of the grand potential per site, Ω, versus chemical potential. Loops corresponding to the unstable branches appear at low temperatures. However, we find it more convenient to plot the Helmholtz free energy per site, F = Ω +xµ, or the internal energy per site, E, as a function of the concentrationx.
A finite temperature phase transition is not expected in one dimension for finite range interactions. However, the presence of the background charge effectively makes this an infinite range problem and produces a first order phase transition at a finite temperature. This behavior is similar to that in the Van der Waals theory of liquids where long range attractive interactions lead to condensation phenomena. Fig.4 shows both energy E and Helmholtz free energy F = E − T S as a function ofx at (T /J) = 0.05. The difference between these two curves is due to the entropy of the system. Since the difference between these two curves is significant, the entropy plays an important role even at quite low temperatures. Sincex is the independent coordinate, we apply the double tangent rule to the Helmholtz free energy F (or to the energy curve at T = 0) to determine the equilibrium concentration. The slope of the tangent line gives the value of the chemical potential µ. This predicts that at T = 0 the system will separate into two phases with concentrations 0 and 1/2 ifx is between those two concentrations. If 1/2 <x < 1 then the system will separate into two phases with concentrations 1/2 and 1. Hence a plot of µ versusx should display flat horizontal sections at values of µ corresponding to the slopes of the double tangent lines. This process is equivalent to a Maxwell construction applied to the regions in Fig.3 where the µ(x) dependence has a negative slope.
If in MC simulations we are trying to produce the E(x) curve and we fix the concentration at a particular value that cannot exist homogeneously across the system, then we create an internal stress in the system: the ions tend to separate into two phases but the background charge, through Coulomb interaction, does not allow this phase separation since it is constrained to be uniform. This stress should effectively increase the value of the energy E(x) in the simulations. It is possible sometimes to see in structures obtained from simulations the tendency to phase separation. In Fig.5 one can clearly see this tendency for the phase separation: The average concentration in the top row is 1/2 while the average concentration in the bottom row is 1/3. Fig.6 shows the phase diagram in the temperatureconcentration plane. The solid curve is the transition temperature T c . This curve was obtained using the equal area rule applied to the µ versusx curves (see Fig.3 ) obtained from Eq. (13) . The dashed curve is the spinodal which corresponds to the locus of points for which (∂µ/∂x) = 0. The spinodal is only shown in the region x < 1/2 but it is symmetric with respect to x = 1/2. The regions between solid and dashed curves correspond to the regions of metastability.
In order to obtain the phase diagram in MC simulations at low temperatures (T /J) ≤ 0.12 we refer back to Fig.3 . The plateaus in the µ(x) dependence give us the concentrations for which phase separation occurs. In other words, any concentration on any plateau should split into the two concentrations on the edges of the same plateau. Thus the edges of the plateaus give us the borders of the two phase coexistence regions and the phase diagram of the system. This approach gives good agreement with exact results at low temperatures but fails at intermediate temperatures when fluctuations in the concentration are big or when system migrates between two different concentrations. To obtain the phase diagram at intermediate temperatures 0.14 ≤ (T /J) ≤ 0.20 we used the observations and interpretation that was discussed above in Fig.1 and Fig.2 . In Fig.6 data for the sample with 90 sites were obtained from the borders of the jumps in x(µ) curves shown in Fig.3 . The remaining points are obtained from the distribution of concentrations at different T and µ using larger sample sizes. The peaks in the distributions of concentrations for the sample with 480 sites are narrower than those with 240 sites, as expected. The full width at half of the maximum for the peaks at temperatures (T /J) 0.14 is about 0.05 and at temperature (T /J) 0.18 it is about 0.1. Thus at temperature (T /J) 0.18 peaks corresponding to two different concentrations overlap.
The good agreement between the exact phase diagram and the one obtained from simulations indicates that our interpretation of the histogram of the concentration frequencies is correct. It also indicates the precision of our technique. 
B. Finite Range of Interaction
The Hamiltonian of the model at fixed concentration x is given by Eq. (3). In the case of nearest neighbor interaction J 1 and a second neighbor interaction J 2 only, the ground state energy can be obtained directly using the following reasoning: for concentrations in the range 0 < x < 1/3, the background charges (white charges) contribute an amount −(J 1 + J 2 )x 2 to the energy per site from the last term in Eq. (4). The black charges can be placed on every third site so as to avoid the repulsion in the first term. However, in the concentration range 1/3 < x < 1/2 the repulsive interactions contribute an additional amount (J 1 + J 2 )(x − 1/3) to the energy. The energy in the range 1/2 < x < 1 is obtained using the symmetry property E(x) = E(1 − x). Similar reasoning can be used for larger ranges of the interactions but the expressions become more complicated. Fig.7 shows the ground state energies as a function of concentrationx at T = 0, for finite ranged interactions J n = J/n, where n = 1, 2, 3, 4, 5 and 6. The solid curves were obtained using the arguments described above and were verified using the numerical transfer matrix method results at very low temperatures. The MC simulations were performed on lattice samples with 90 and 180 sites and periodic boundary conditions. The panel 2 in Fig.7 shows the energy curve for the interaction between nearest and second nearest neighbors only. It is easy see that forx = 1/2 it is energetically favorable for the system to split into two parts with different average concentrationsx 1 = 1/3 andx 2 = 2/3.
If we apply the double tangent construction to the E(x) curves in Fig.7 , corresponding to the interactions with larger range, we find additional transitions compared to the nearest neighbor case. For interaction up to second neighbors we have first order transitions from x = 0 to x = 1/3, x = 1/3 to x = 2/3 and x = 2/3 to x = 1. For neighbors up to the third included, there are four transitions involving x = 0, 1/4, 1/2, 3/4 and 1. As the range of interaction increases there is an increasing amount of structure in the energy curves but the double tangent construction does not always lead to an increasing number of transitions. It will be shown in the next section that in the limit of Coulomb interactions, the energy curve approaches a form which predicts only four transitions involving the values x = 0, 1/3, 1/2, 2/3, 1.
Phase separations predicted from the energy curves cannot occur in our MC simulations because this phase separation requires two different values of the background charge, while in our simulations background charge is constrained to have the same value at every site.
However if concentrations of the two parts are close to each other then the tendency to the phase separation can be seen even if the value of the background charge is the same everywhere as shown in Fig.5 . This behavior can also be seen on the fifth panel of Fig.7 that shows a disagreement between exact curve and results of simulations for the case of interaction up to fifth neighbors. There is a region between 0.325 ≤x ≤ 0.425 in which simulation points seem to follow a horizontal line while the exact curve has a peak in this region. We believe that the origin for this behavior is the tendency for the phase separation described above. Thus every simulated point in this region is a weighted average of two concentrations that correspond to the edges of this horizontal region. The weight is proportional to the fraction of the whole sample that is at a given edge concentration. In order to apply the transfer matrix method to the case with range of interaction n ≥ 2 neighbors, we can group the sites into consecutive blocks of length n and the interactions are then only between nearest blocks. The transfer matrix formalism can be used again, but the Hamiltonian given by Eq. (6) leads to the transfer matrix of size 2 n × 2 n and it is difficult or impossible to solve the problem analytically. However, it is possible to calculate the largest eigenvalue of the transfer matrix numerically and obtain the thermodynamic properties. We have used this method to study the energy, Helmholtz free energy and chemical potential as a function of concentrationx. Our results are in agreement with the predictions made from the energy curves, shown in Fig.7 .
C. Infinite Range Coulomb Interaction
If the J ij correspond to the bare Coulomb interaction, the interactions satisfy the positivity and convexity condition 16 which allows the ground state to be found for any rational value ofx. Ifx = 1/n where n is an integer, then the black charges are equally spaced along the chain at a distance of n neighbors apart and form the one dimensional analogue of the Wigner lattice 26 . In the more general case wherex = p/q is the ratio of two integers, the ground state configuration is periodic with period q and has p black charges in each cell. If there is a black charge at site 0 then black charges are at the sites with numbers [nq/p] = [n/x] where n is any integer and [A] denotes the integer part of A. Since the structure is known for any rational value of x the ground state energy can be calculated using the the same techniques that was used to calculate energies in MC simulations. But since in this case it is not necessary to run a relaxation procedure much bigger samples can be considered. Fig.8 shows the ground state energy as a function of x for the Coulomb potential obtained using both the exact ground state configurations and our simulation technique. The value of the energy at x = 1/2 corresponds to alternating black and white charges and is equal to −(ln 2)/4. For smaller values of x = 1/n corresponding to period n Wigner lattices of equally spaced black charges, the energy per site is given by E = x 2 ln x. For values of x between these values the energy is slightly larger than if we use the same formula for all x. The energy curve has a sequence of cusps located at all rational values of x (devil's staircase).
Since at T = 0, the chemical potential is given by µ = ∂E/∂x, we predict that at zero temperature µ versus x will display a series of jumps as shown in Fig.9 . The double tangent rule applied to the energy curve predicts phase separations for some values ofx. For 0 < x < 1/3, the system should separate into phases with to x = 0 and x = 1/3 whereas, for 1/3 < x < 1/2, it should separate into phases with x = 1/3 and x = 1/2.
Phase separation is due to the second term in Eq. (4) which is entirely due to the background. It corresponds to a long range attractive interaction. In the absence of the background, the model would not display phase separation and the chemical potential versus concentration curve would be a devil's staircase with an infinite number of jumps corresponding to the rational values of x. The Devil's staircase formalism can be used to obtain the E(x) curve at zero temperature and thus predict µ(x) dependence at zero temperature. In order to obtain the µ(x) dependence at non zero temperature we used MC simulations. The µ(x) curves at several temperatures obtained from MC simulations are shown in Fig.9 . Simulations were performed on samples with 60, 90, 120, 180 and 960 sites. The role of size effects can be seen for the curve (T /J) = 0.10 for which the results from the samples with 60 and 180 sites are shown. For higher temperatures the differences are less significant. We found that up to very low temperatures there are almost no differences between the results on samples with 120 and 180 sites.
The inset in Fig.9 shows a rather large difference between the predictions for µ(x) from the devil's staircase formalism and from the results of simulations at low temperatures. There can be several reasons for this disagreement. One reason, discussed earlier, is that simulations at low temperatures may not be reliable since the system can become frozen in some local minima that it cannot leave due to the large transition barrier associated with the local character of moves A and B. On the other hand the entropy contribution can make the "cusp" at x = 1/3 and x = 2/3 in the E(x) dependence more "rounded" and this can lead to an extended range of chemical potential near concentrations x = 1/3 and x = 2/3 on the µ(x) curve.
In order to obtain the phase diagram shown in Fig.10 we used the technique already discussed above. As expected the size of the plateaus corresponding to the regions of phase separation decreases as the temperature increases and the concentrations of both phases becomes 
V. TRIANGULAR LATTICE
The Hamiltonian for triangular lattice with Coulomb interaction is given by Eq. (6):
The details of model and simulation techniques were described in section II and III. In the 2D case with long range interaction we used MC simulations as the main method to study the system. Different sample sizes were used in the previous study 1 in order to obtain E(x) dependence shown in Fig.11 .
For the triangular lattice there are multiple "cusps" in the E(x) curve that are similar to the devil's staircase behavior in case of the one dimensional chain. In the region 1/2 ≤x ≤ 1 significant cusps in E(x) curve occur at concentrations: 1/2, 2/3, 3/5, 3/4, 6/7.
Ground state configurations for x = 1/2, 3/5, 2/3 and 3/4 are shown in The major difference between the simulated and the exact values arises because our simulation method can not relax the system to the exact ground state configurations for concentrations 1/2, 3/5, 3/4, 6/7. On the other hand it is easy to obtain the ground state configuration for x = 2/3 and the agreement between the simulated and the exact values of the energy is much better in this case.x Double tangent construction applied to the energy curve Fig.11 shows that only concentrations 0, 1/4, 1/3, 1/2, 2/3, 3/4, 1 are stable with respect to the phase separation at zero temperature. Thus at zero temperature the system is always a mixture of parts with these concentrations. For example ifx is between 0 and 1/4 then the system should split into two homogeneous parts with x = 0 in one part and x = 1/4 in another.
The slope of the double tangent lines gives the values of chemical potential at which the transition from one concentration to another should occur. In the region x > 1/2 we have: (µ/J) 1 When we consider long range interactions in 2D, the amount of time needed to calculate the energies before and after the MC step increases quickly with the size of the system. In order to save time we tried to perform calculations on smaller samples when possible. Thus at high temperatures, we performed simulations on small 9 × 9 samples. Every point is the result of averaging over 20, 000 MC sweeps. Even at (T /J) = 0.05 there is almost no difference between the results of simulations on the lattices 18 × 18 and 30 × 30. However, at very low temperatures, there are some structures that can be observed only on large samples. For example at a temperature (T /J) ≤ 0.03 we can clearly see concentrations 3/5 and 6/7 on the 30 × 30 sample, but we cannot see these concentrations on the 18 × 18 sample and they are not pronounced in case of the 24 × 24 sample.
At low temperatures (T 0.01) there is a significant difference between the direct simulations of µ(x) dependence and the predictions from the E(x) curve. In the simulations, the ranges of stability (with respect to the change in chemical potential) at concentrations x = 1/4, 3/4 and 1/2 are much larger then they should be according to predictions from the energy curve, while at concentrations x = 1/3 and 2/3 the ranges of stability are smaller. In simulations we also see stable concentrations 2/5 and 3/5 that should not appear according to the energy curve. Several effects can lead to this disagreement.
First of all, the difference between the energy and the free energy curves can be significant even at very low temperatures. This difference can lead to higher stabilities of some concentrations. Moreover some concentrations that should not appear, as follows from energy curve, can appear due to entropic contributions to the free energy. For example, configurations at x = 1/3, and x = 2/3 are highly ordered and have relatively small entropy. The concentrations between x = 1/3 and x = 2/3 are highly disordered (large entropy) and have approximately the same energy as energy of the system at concentrations 1/3 and 2/3. Thus one can expect that concentrations 1/3 and 2/3 will have smaller range of stability in µ, while concentration 1/2 will be more stable than follows from energy curve predictions. This is in agreement with Fig.14 . This feature can also lead to the appearance of some configurations with 1/3 < x < 1/2 and 1/2 < x < 2/3: for example x = 2/5 and x = 3/5. It also explains why we see this concentrations on larger samples and do not see them on smaller samples.
Another reason can be in the way simulations were performed at a constant value of the concentration. For example, if the system has average concentration 1/2 < x < 2/3 then it should separate into two parts with concentrations x = 1/2 and x = 2/3. But since at every site the background charge is the same, the system cannot separate. This tendency of the system to phase separation, that cannot occur, creates internal stress and effectively increases the energies of intermediate concentrations. When simulations are performed at a constant value of the chemical potential there is no problem connected with background charge that prohibits the phase separation and there is no stress in the system. Thus energies at intermediate concentrations effectively become smaller.
The last reason that we can mention is the local character of the A and B operations that were used to introduce changes in the system. Their local character can also become important at low temperatures.
All the reasons discussed above can lead to the larger regions of stability for concentrations x = 1/4, 1/2, 3/4 and to the smaller regions of stability for the concentrations x = 1/3 and x = 2/3. They also explain appearance of concentrations x = 2/5 and x = 3/5.
One can obtain the phase diagram for the triangular lattice in the same way as for the linear chain. In order to obtain the phase diagram of the system at low temperature we had to perform up to 100, 000 MC sweeps on the lattice with the sample size equal to 30 × 30. The phase diagram of the triangular lattice is shown in Fig.15 . Only half of the phase diagram is shown since it is symmetric with respect to x = 1/2. There are five distinct regions of phase separation that correspond to the transitions in concentrations 1/2 → 3/5, 3/5 → 2/3, 2/3 → 3/4, 3/4 → 6/7, 6/7 → 1 at zero temperature. Some regions of phase separation exist only at low temperature and it is difficult to obtain an accurate phase boundary for them.
VI. CONCLUSION
We have introduced and studied a model to describe the possible ions ordering in layered double hydroxides. In the model ions situated at the sites of the triangular lattice interact through long range Coulomb interaction. The exactly solvable example of the liner chain was used get insight into the model properties and to demonstrate the precision of the MC simulation methods employed. The model predicts multiple phase transitions and phase separation regions.
Our results are in agreement with experimental measurements in a sense that concentrations x = 1/4 and x = 1/3 are special [2] [3] [4] [5] [6] . However a large number of predicted possible phases with different fractions of metal ions can lead to the situation when effects are hard to anions. This should lead to mechanical stress in the system and that will also resist the tendency to phase separation. This competition between the Coulomb tendency to phase separation and mechanical stress can lead to the disintegration of the compounds and limit the composition range over which layered hydroxides can be synthesized. However the effect of nonzero temperature can move the system over the phase separation boundary and bring the system to a uniform distribution of charges In this case there should not be internal stress in the compounds. Thus Al substituted layered Ni hydroxides that are stable at higher temperatures may become unstable and disintegrate at lower temperatures.
It would be interesting to see detailed experimental measurements that can support evidence for the charge ordering and the presence or absence of phase separation in these systems.
